Juan Andrés Cabral

Homogeneous first-order differential equations

Find the solution of the following second-order homogeneous differential equations:
Y=y —2y=0

Y =4y +3y=0

. fl%{ — % +y=0

Ly +16y =0

Y 2y +2y=0

C Py odu 5y -0

Ly 46y +9y =0
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Solution

1.
y' '~y —2y=0

We start by finding its characteristic equation. By substituting y” with 72, 3 with r, and y with 1,
the characteristic equation becomes:

r?—r—2=
Next, we solve the quadratic equation for r:

r2—r—2=0
We factorize the quadratic equation:

(r=2)(r+1)=0

By setting each factor equal to zero, we get the roots:
1.r—-2=0 = r=22.r4+1=0 = r=-1

Since the roots are real and distinct, the general solution of the differential equation is:

y(x) = C1e®™ + Coe™™

where C and C5 are arbitrary constants determined by initial conditions.

y' — 4y +3y=0

We start by finding its characteristic equation. By substituting y” with r2, ¥’ with r, and y with 1, we
get:

> —4r4+3=0

We solve the quadratic equation for r:

r?—4r4+3=0
We factorize the equation:
(r—=1)(r—3)=0

By setting each factor equal to zero, we get the roots:
l.r—1=0 = r=12.r-3=0 = r=3

Since the roots are real and distinct, the general solution of the differential equation is:

y(i) _ Clem + 026.‘5:1:

where C7 and Cs are arbitrary constants determined by initial conditions.
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Py dy
SV 9% L y=0
dx? dx ty

We start by finding its characteristic equation. By substituting g%’ with r2, Z—Z with 7, and y with 1,

we obtain:

r2—2r4+1=0
We solve the quadratic equation for r:
r?—2r+1=0
We notice that it is a perfect square:
(r—1%*=0

By setting the factor equal to zero, we obtain the double root:

r—1=0 = r=1

Since we have a repeated real root, the general solution of the differential equation is:

y(z) = (Cy + Cox)e™
Substituting r = 1:

y(z) = (C1 + Cow)e”
Therefore, the general solution is:

y(z) = (C1 + Caz)e”
where C7 and Cs are arbitrary constants determined by initial conditions.

y' + 16y =0

We start by finding its characteristic equation. By substituting 3 with 2 and y with 1, we obtain:

r*+16 =0

We solve the quadratic equation for r:

r?=—16

r=4+v—16 = +4i

Since the roots are complex conjugates of the form » = a + §i, where « = 0 and 8 = 4, the general
solution of the differential equation is:

y(x) = e (Cy cos(Bx) + Cysin(Bx))
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Substituting o« = 0 and 8 = 4:
y(x) = e”? (O cos(4x) + Cysin(4x))
Simplifying %% = 1:

y(x) = Cy cos(4x) + Cy sin(4x)

Therefore, the general solution is:

y(x) = Cy cos(4x) + Cysin(4x)
where C7 and Cy are arbitrary constants determined by initial conditions.

y'+2y +2y=0

We start by finding its characteristic equation. By substituting y” with r2, ¥’ with r, and y with 1, we
obtain:

r24+2r+2=0

We solve the quadratic equation for r:

r?4+2r+2=0

Using the quadratic formula:

. —b+Vb% — dac
a 2a

where a =1, b =2, and ¢ = 2.
We calculate the discriminant:
A=0b%—dac= (2> -4(1)(2)=4—-8=—4

The discriminant is negative, indicating that the roots are complex conjugates.

We calculate the roots:

244 242

=1+
r 5 5 i

Therefore, the roots are r = —1+dand r = —1 — 3.

Since the roots are complex conjugates of the form r = o + Bi, where « = —1 and § = 1, the general

solution of the differential equation is:
y(z) = e (Cy cos(Bx) + Cosin(fzx))

Substituting « = —1 and g = 1:

y(x) = e (Cy cos(z) + Casin(x))

Therefore, the general solution is:
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y(x) = e (Cy cos(z) + Coysin(z))

where C7 and Cs are arbitrary constants determined by initial conditions.

?y dy
— —2—=+4+5y=0
dz? dx +oy
We start by finding its characteristic equation. By substituting % with r2, % with 7, and y with 1,
we obtain:
2 _
r°=2r+5=0
We solve the quadratic equation for r:
2 —
" =2r+5=0

Using the quadratic formula:

—b+ Vb2 — 4ac
r= -——-—-
2a
where a =1, b= —2, and ¢ = 5.

We calculate the discriminant:

A =b*—dac=(-2)* —4(1)(5) =4 —20 = —16

The discriminant is negative, indicating that the roots are complex conjugates.

We calculate the roots:

—(=2)+ V=16 _ 2+4i

=1£2
2-1 2

r =

Therefore, the roots are r =1+ 2¢ and r =1 — 2i.

Since the roots are of the form r = a £+ i, where @« = 1 and 5 = 2, the general solution of the
differential equation is:

y(x) = e (Cy cos(Bx) + Cysin(Bx))

Substituting « =1 and § = 2:

y(x) = €® (Cy cos(2z) + Cy sin(2z))

Therefore, the general solution is:

y(x) = €® (Cy cos(2z) + Cy sin(2x))

where C and C5 are arbitrary constants determined by initial conditions.
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y'+6y +9y=0

We start by finding its characteristic equation. By substituting y” with r2, v/ with r, and y with 1, we
obtain:

r?4+6r+9=0
We solve the quadratic equation for r:
r4+6r4+9=0
We notice that it is a perfect square:
(r+3)*=0

By setting the factor equal to zero, we obtain the double root:

r+3=0 = r=-3

Since we have a repeated real root, the general solution of the differential equation is:

y(x) = (C1 + Caz)e™

Substituting r = —3:

y(z) = (C1 + Com)e ™"

Therefore, the general solution is:

y(l) = (01 + 0255)6731’

where C and C5 are arbitrary constants determined by initial conditions.
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